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A SPIEGELUNGSSATZ FOR FUNCTION FIELD L-SERIES 


BRUNO ANGLES AND FLORIC TAVARES RIBEIRO 


Abstract. We prove a kind of reflection principle for certain non-archimedean 
L-series in positive characteristic. We also prove the pseudo-cyclicity and 
pseudo-nullity of certain several variable generalizations of the class modules 
introduced by L. Taelman in 2010. 
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1. Introduction 

The existence of a functional equation for David Goss L-series (see [13], chapter 
8 and E3) is an open problem in the arithmetic theory of function fields over finite 
fields. A hint that such a functional identity should exist can be found for example 
in the statement of the Spiegelungssatz for the Carlitz module (see M) that asserts 
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that Taelman’s class module (see [29], [31]) and some isotypic components of the p- 
Sylow subgroup of the F q - rational points of some jacobians attached to the Carlitz 
module (F g being a finite field of characteristic p and having q elements) are related 
by a kind of reflection principle similar to the classical Spiegelungssatz of Leopoldt 
m )■ Indeed, since the work of L. Taelman (see [30]), it is known that the ’’size” 
of Taelman’s class modules are related to the values at one of David Goss L-series 
(see also i, i, m, mi), and, by the results of D. Goss and W. Sinnott arm. 
the non-triviality of the isotypic components of the p-Sylow subgroup of the F g - 
rational points of some jacobians attached to the Carlitz module is connected to 
the values of the Carlitz-Goss zeta function at negative integers (see also [3])- In 
this article we show that there exists a kind of reflection principle for certain w-adic 
L-series attached to K := F q (9), 6 being an indeterminate over the finite field F g , 
v being any place of K. 

Let s > 0 be an integer and let t \,..., t Sl z be s + 1 indeterminates over K. Let’s 
consider the following power series: 

L(h,...,t s -,z) = Y J E a{tl) " a a{ts) z k €K(t 1 ,...,t s )l[z}}, 

k >0 a^A. j_ t fc 


where A + ^ denotes the monic elements in A := F g [0] of degree k. Note that: 


L(t\ j • • • j is j z') 


n a 

P prime of A 


P(ti) ■ ■ ■ P(t s )z de9eP 
p 


where by a prime of A we mean a monic irreducible polynomial in A. We observe 
that L(ti,..., t s ; z) is of adelic nature, indeed L(t\, ..., t s ; z) defines an oo-adic 
s + 1-variable entire function (0, Proposition 6), and for every prime P of A, by 
Theorem [I] (1 — p ( tl )'" p P a ) z 9e ,t s ;z) defines a P-adic s + 1-variable 

entire function. Our aim in this paper is to study this adelic L-series at z = 1 or 
its derivative (with respect to z) at z = 1 in the case of a trivial zero at z = 1. 

We first recall the case of the place oo and s = 1. Set t = t\ and let be the 
completion of a fixed algebraic closure of K ^ := F g ((|)). F. Pellarin has introduced 
in J23] the following entire function on C^ : 

Z 'W = E E ^-= L{t] z) \ z = 1. 

k >0 a€A .|_ } fc 


This function interpolates the values at 1 of some abelian L-series introduced by 
David Goss (see [T3] , chapter 8) : 

VC€l7,L(t)|t=c=L(l,x):= E ^ e 

a£A- 1 _ 


where X is a certain Dirichlet character attached to £ and where F g is the algebraic 
closure of F g in Coo. The function L(t) and its s -variable generalization play an 
important role in the arithmetic theory of function fields over finite fields (see [4], 
0 , na, Isa, m , [27]). Let’s observe that L(t) £ T, where T is the Tate 
algebra in the variable t with coefficients in Coo. Now let us fix a q — 1th root of 
—6 in Coo : q ~ 1 V~-S, and let w(f) be the Anderson-Thakur special function (see 
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[2j, proof of Lemma 2.5.4), i. e. : 

<*>(*) 

i>o 

Let r : T —> T be the continuous morphism of F g [i]-algebras such that Vic G 
Coo,t(ic) = x q . We then have the following remarkable formula obtained by F. 
Pellarin in [24] : 


( 1 ) 


L(t)uj(t) = log c (u)(t)) 


7r 

6-t ’ 


where logo = 1 + Ej>i ’ and ^ =? 1 6 n.f>i i 1 ~ 6,1 ) 1 S 

is the period of the Carlitz module. Our first goal in this article is to generalize 
the above formula to the case of s-variable u-adic P-series where v is any place of 
I\ and s > 1 is any integer. 

In this introduction, we will only discuss about the Spiegelungssatz for L-series 
in the case of a prime P of A of degree d > 1 and s = 1, we refer the reader to 
sections 6 and 7 of this work for the general cases. Our idea is to compare two 
kinds of P-adic L-series : one that comes from P-adic Lubin-Tate theory and the 
other that comes from P-adic Carlitz theory (the prime P is ’’viewed” as an infinite 
place as it will be explained below). 

Let’s discuss first the case of P-adic Lubin-Tate theory. Let I\p be the P-adic 
completion of I\ , and let Cp be the completion of a fixed algebraic closure of Kp. 
Let vp : Cp —> QU{+oo} be the valuation on Cp normalized such that vp(P) = 1. 
Let t be an indeterminate over Cp. We recall that (1 — Pf ' t p Z )L(t\ z ) defines an 
entire function on Cp. This P-adic function has a trivial zero at z = 1 (Proposition 
E9- Therefore, we set: 


M0 = £ £ = 

aGA_|_ fc,a^0 (mod P) 


P(t)z° 

p 


)L(t-z) |*=i . 


Let A be the completion of Cp[i, p^j] for the Gauss P-adic valuation on Cp[t, p^y] 
still denoted by vp (see section 1). Observe that Lp(t) G A. Let r : A —> A be 
the continuous morphism of F g [t, p^y]-algebras such that Vic € Cp, r( x) = x q . In 
section 5, we construct an analogue of Anderson-Thakur’s function in this case, it 
is an element up(f) € A that satisfies: 

r(wp(t)) = (^^)wp(f), 

where Cp £ C Cp is such that vp{0 — Cp) > 0. Furthermore, wp(f) interpolates 
P-adically the Gauss-Thakur sums (Theorem 0]). Let : A —> A{t} be the 
morphism of F g -algebras such that: 

cl = (t-(p)r + e. 

Then one can associate to a logarithm logct £ A{{t}}, i.e. this is the unique 
element in A{{t}} such that logc\ = 1 (mod r) and : 

log G \C\ = 6log c t . 

Let A 0 = {x £ A,vp{x) > 0} and A 00 = {x £ A,vp{x) > 0}. One can easily 
show that logci converges on A 00 , and using similar arguments than that used by 
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Iwasawa for the classical p-adic logarithm, we can extend log G i into a continuous 
morphism of F q [i, -pjjy]-modules : log G t,p : A 0 —> A. We have: 

log G ^ P (uJp{t)) = 0. 

The function uip(t) plays the same role for Lp(t) as that of to it) for Lit). Let 
C : A — > A{t} be the Carlitz module, i.e. C is a morphism of F q -algebras such 
that C$ = t + 9. Write: 

d 

C P =^(P,fc)T fc , 

k =0 

where (P, k) G A , k = 0,..., d. Then we have an analogous formula as that of 
formula (1) (see the proof of Theorem [5]): 


1 ^ 

Lp{t)u P {t) = —log c i,p(52k{P,k)bk(t)ujp(t)), 

k= 1 


where b 0 (t) = 1 and for j > 1 : bj(t) = ni=o(i — 6 qk ). 

Now, let’s focus on the P-adic Carlitz theory for P-series. We notice that vp(d — 
£p) = 1. Thus let’s work with 9 — (p instead of P. Let’s view 9 — (p as an infinite 
prime of F q d(0). Let’s consider a ’’twist” of Pellarin’s P-series with respect to this 
infinite prime: 

E E 

Let’s take its ’’norm over F g ”: 


d -1 

£p(t) = W T ° 

3 =0 


(ra) 


Z^ Z^ a f_L 

k>0ae¥ d [e] + ,fc 


) G A. 


S-C P' 


d-1 

Then Cpit) is convergent on Cp \ {Cp, ■ ■ •, Cp }■ One can show that up it) plays 
again an important role for Cp it) (see the proof of Theorem [5]) : 

Cpjt)u P it) _ Pjt) 

7Tp b d it) ’ 

where 7 rp = nto" rij>i(l — i® — C p) qd3+ '~ q ')~ 1 ■ Therefore, if we combine the 
formulas for Lp(t) and Cp(t), we get a Spiegelungssatz for these P-adic P-series 
(Theorem 0): 


b d it)Cpit) 1 ^ fc(P, k)b k it)u P it))) = Pit)L P it), 

np P ti 

the above equality taking place in the P-adic afhnoid algebra A. 

A large part of this work grew out of an attempt to prove the non-vanishing at one 
of certain u-adic P-series (Theorem[2|) without using Vincent Bosser’s u-adic Baker- 
Brumer Theorem (see [5]). In order to do so, one of the main ingredients is to obtain 
explicit formulas for these u-adic values (Theorem [3]). The Spiegelungssatz for P- 
series can be viewed as a reinterpretation of such explicit formulas in certain v-adic 
afhnoid algebras. The ’’Anderson-Stark units” (see [6], [J]) and their derivatives 
play a key role in this article. Let r = AT (fi,, f s )[[2]] — > K(ti, ..., t s )[[c]] be the 
continuous morphism (for the z-adic topology) of F q (ti,..., f s )[[z]]-algebras given 
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by t(x) = x q for all x £ K. Then there exists u(t±,... ,t s ;z) £ A[ti,... ,t s ,z\ such 
that Corollary 5.12): 


exp z ( L (ti,. ..,t s ; z)) = u(h ,..., i s ; z), 


where exp s z = 1 + X] 


j> i 


* J nL, n LUti-e g 


n ,_ {0q ,_ 0q ,-^ - tJ - Then | z= i or its 

derivative (with respect to z) at z = 1 in the case s = 1 (mod q — 1 ) play a 
role analogous to that of Stark units, i.e. the special values of the u-adic L-series 
considered in this paper can be written as linear combinations of u-adic logarithms 
of some elements attached to these Anderson-Stark units and their derivatives (see 
for example Theorem [3]). In the last section of this work, using some properties of 
Anderson-Stark units and their derivatives, we give some new results on ’’generic 
class modules”. 

In order to explain and motivate the content of the last section of this work, we 
first recall some facts from classical cyclotomic theory (we refer the reader to [33], 
chapters 13 and 15). Letp > 3 be an odd prime number and let A = Gal(Q(p p )/Q). 
Let M be the projective limit for the norm map of the p-Sylow subgroups of the 
ideal class groups along the cyclotomic Z p -extension of Q(p p ) : Q(p p =o). Let T = 
Gal(Q(p p o°)/Q(/r p )), and let 7 £ T such that: 

VC £ p p oo, 7 (C) = C 1+p - 


We can identify Z p [[T]] with Z p [[T]] by sending 7 to 1 + T. Therefore M is a 
Z p[[ T ]][ A ]- module - Let X S A := Hom(A, Z p ), and let e x = EseA x (^ -1 G 
Z p [A]. For x S A, we set: 

M x = e x M. 

Then M x is a finitely generated and torsion Z p [[T]]-module. If \ is odd distinct from 
the Teichmiiller character : w p , B. Mazur and A. Wiles proved that the characteris¬ 
tic ideal of the Z p [[T]]-module M x is generated by some polynomial P X {T) £ Z p [T] 
such that there exists U X (T) £ Z p [[T]] x with the property ([22]): 

Vy £ Z p , P x ((l+p) y - l)U x ((l+p)y - 1 ) = Lpiy^pX- 1 ), 

where L p (.,w p x _1 ) is the p-adic L-function attached to the even character cu P x -1 . 
Observe that if Vandiver’s Conjecture is true for the prime p, then for \ odd > AI X 
is a cyclic Z p [[T]]-modulc of for \ even: M x = {0}. R. Greenberg has conjectured 
weaker statements (see [T 8 ]): 

Pseudo-cyclicity Conjecture: If % is odd then there exists an injective morphism of 
Z p [[T]]-rnod u l e s between a cyclic Z p [[T]]-module and M x such that the cokernel of 
this morphism is finite; 

Pseudo-nullity Conjecture: If \ is even then M x is finite. 

These two conjectures are open. 

Now, we turn ourselves to the function field case. Let s > 1 be an integer and let 
t\,... ,t s be s variables over K^. Let T S (AT 00 ) be the Tate algebra in the variables 
ti,...,t s with coefficients in Koo. Let t : T s (A' oc ) —» TT^IXoo) be the continuous 
morphism of F q [ti,..., G]-algebras such that V.t £ K 00 ,t(x ) = x q . Let (f> : A —> 
A[t\, ..., ts]{u} be the morphism of F^-algebras such that: 


<t>9 = {ti-0)--- (t s - 6)t + 9. 
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Let exp^ be the exponential function attached to <j>, i.e. exp^ is the unique element 
in T s (A' 00 ){{t}} such that exp^ = 1 (mod r) and: 

ex P^ 8 = fa exp 0 . 

Then inspired by Taelman’s work ([29], [30], [31]), one can introduce a ’’generic 
class module” of level s (see my 

H Ts{Koo) 

A[t 1 ,...,t s \+exp !/) (T s (K 00 ))' 

Observe that H s is an A\b \,..., f s ]-module via fa furthermore it is a finitely gen¬ 
erated F g [fi,..., f s ]-module and a torsion A[ti ,..., £ s ]-module (we refer the reader 
to section 8 for more details). The terminology ’’generic class module” comes from 
the fact that the evaluations of elements of T^AToo) on elements of F g (F g being 
the algebraic closure of F g in Coo) induce surjective morphisms from H s to certain 
isotypic components of Taelman’s class modules. These generic class modules can 
be viewed as discrete analogues of the Iwasawa modules discussed above, having 
in mind that the role of Z p is played by F g [fi,... , t s ], the role of T is played by 
fa. For example Mazur-Wiles Theorem has an analogue in this situation, let s > q, 
s = 1 (mod q— 1) (this is the analogue of the condition \ odd, x 7 ^ w p , f° r Iwasawa 
modules), then there exists B(t 1; ... ,t s ) € A\b\,... ,t s ] which is a monic polyno¬ 
mial in 9 , such that the Fitting ideal of the A[ti ,..., f s ]-module H s is generated by 
B(ii,..., t s ) and ( 0 . Theorem 7.7): 

( — 1 ) i- 1 B(ti,..., t s ) —— 7 — = L(ti ,..., t s ), 

u{ti) ■ ■ ■ 

where L(t±,... ,t s ) = L(ti, ..., t s ; z) | z =i€ T s (AToo). The reader can now easily 
guess what are the discrete analogues of Greenberg’s Conjectures in our situation. 
We prove these analogues in section 8 : 

Pseudo-cyclicity: let s > 2, s = 1 (mod q — 1), there exists an injective morphism 
of A[t \,..., t s ]-modules between a cyclic A\b \,..., t s ]-module and H s such that the 
cokernel of this morphism is a finitely generated and torsion F g [ti,... ,t s )-module 
(Corollary [H; 

Pseudo-nullity: let s > 2, s jk 1 (mod q — 1), then H s is a finitely generated and 
torsion F g [£i,..., f s ]-modules (Proposition [5] and Theorem |5}. 

These latter two results have interesting consequences on the behaviour of the 
isotypic components of Taelman’s class modules for the Carlitz module. More 
precisely, let s > 2 be an integer, let y be a Dirichlet character of type s and 
conductor / (see section 1 ). There exist £i(x)> • • •, Cs(x) e ^9 suc h that: 

<r(9(x)) = (Ci(x) - 0 )--- (C s (x) - %(X), 

where g(x) is the Gauss-Thakur sum associated to y, 0 = r (g) 1 on Of 
F,(Ci(x), • • • > Cs(x))> where Of is the ring of integers of the /th cyclotomic function 
field. Let exp c be the Carlitz exponential (see m, chapter 3), and let’s consider 
the x-isotypic component of Taelman’s class module (see [ 6 ] section 9.3, [ 8 ] and 

mi ■■ 


H e / Frac(Q/) K a0 

x ’ ex O f + exp c (Frac(0/) K^) 


^9 (Cl (x) i • • ■ > Cs (x) ) )) 
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where e x £ F g (£i(x), ■ • ■, C s (x))[Gal(Frac(0/)/if)] is the usual idempotent associ¬ 
ated to x- We prove that there exists F(ti,... ,t s ) £ F ? [ti,..., t s ] \ {0} (depend¬ 
ing on the module structure of H s ) such that for every Dirichlet character \ of 
type s verifying F(Ci(x), ■ • •, i'XCs(x)) / 0, then, if s = 1 (mod q - 1), H x is 
a cyclic A[Ci(x), ■ • ■, Cs(x)]-module generated as a d[Ci(x), ■ ■ ■, Cs(x)]-module by 
9 s-\ (Theorem [7]) and if s ^ 1 (mod q— 1) we have H x = {0} (Corollary 0. 

6 * 9-1 

The authors thank David Goss and Federico Pcllarin for comments on an earlier 
version of this work that enable us to improve the content of this article. The 
authors are indebted to David Goss for fruitful discussions that led us to find 
explicit formulas for the value at one of u-adic Dirichlet L-series for finite places v 
of K. 


2. Preliminaries 


2.1. Background on entire functions. 

Let F be a local field of characteristic p containing a finite field F g having q 
elements. Let Of be the valuation ring of F , and let np be a generator of the 
maximal ideal of Of- Let v : F —> Z U {+oo} be the discrete valuation on F such 
that v(ttf) = 1. Let Cf be the completion of a fixed algebraic closure F of F, 
and let v : Cf —> Q U {+oo} be the valuation on Cf such that v{iTp) = 1. Let 
r : Cf —> C p,x *-)• x q . 

Let n > 1 be an integer, let be n indeterminates over Cf- We set 

Cf[£„] = Cf[D, ... ,t n ], and if i = (h,...,i n ) £ N n , we set = f ^ 1 ■ ■ • t and 
| i |= in 4-f in- Let / € C F \t n ], f = XVn„ f L £ C F - We set : 

v(f)=lnf{v(f L ),i£W}. 

Then v induces a valuation on C p(t n ) and we call it the u-adic Gauss valuation on 

Cf(£J. 

Let T„ be the Tate algebra in the variables ti,... ,t n with coefficients in Cf (see 
jL2l . chapter 3), i.e. T„ is the completion of Cf[£„] for the u-adic Gauss valuation. 
Then T„ is the set of elements / = e ft £ Cf for all * £ N n , 

such that : 

lim v(fi) = Too. 

|z|—>-+oo 

More generally, for r £ Q, we define T„ :T , to be the set of elements / = XXeN" /»£n £ 
Cj?[[i n ]], fi £ Cf for all i £ N n , such that : 

lim v(fi) T r \ i |= Too. 

|i|—>-+oo 

Thus T „ i0 = T„, and T n>r is the set of elements / £ Cf [[£„]] that converge on 
{C £ C fi v (() > r}. Observe that if r,r' £ Q, if r' < r then T n y C T„ jr . For 

/ = EieN" fiM G Vi fi e Cf, we set : 

v r (f) = Inf{u(/j) T r \ i |,i G N"}, 
and v = vq. For r £ Q, we set: 


T n,r{F) = V O F[[t n ]\. 

Let r £ Q and let ( £ C£. such that v(() = —r. Then the map : 

ip : T„, r -A T„, f(t n ) f(hC, ..., t n C), 
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is an isomorphism of Cp-algebras such that : 

= v r (f). 

Let t : Cp[[£„]] — > Cp [[£„]] be the isomorphism of F 9 [[t n ]]-algebras such that : 

t(£ m= 

ie N n 2GN n 

Observe that, for r G Q, we have : 

r(T„, r ) = T nt q r . 

We set : 

E„ = n r gQT„ jr c T n , 

and : 

E n (F)=E n nF[\t n ]\. 

Then E n is the set of elements / = £T €N „ /»£« e Cp[[t„]], /i G Cp for all isN", 


such that : 


r v (fi) , 

lim , = +oo. 


lil->+oo | i 

We call the Cp-algebra E ra the algebra of entire functions on Cp. Observe that 
Coo[i„] CE„C T n , and r(E„) = E„. Set Eo = Cp. Let n > 1. Observe that E„ is 
the set of elements / = Ylj>o fi^n G ®n-i[[in]]) fj € E„_i, such that : 

lim hil = +0Oi 

j—¥ 4-00 J 

We recall the following basic result : 


Lemma 1. 

Let S G Cp be a bounded infinite set, i.e. there exists M G M such that \/x G 
S,v(x) > M. Let /gE„ that vanishes on S n , then f = 0. 


Proof. We prove the assertion by induction onn> 1. The result is true for n = 1 
by |T3j, proposition 2.13. Now, let n > 2 and assume that the result is proved for 
n — 1. Let / G E ra . Write : 

f = Yl fi t3 n> ft G E «-i ,j > 0 . 

j> o 

Let Cl, ■ ■ • ,Cn-i € -S" 1-1 and set g(tn) = /(Cl) ■ ■ .,Cn-i)in) € Cp[[*„]]. Then g is an 
entire function which vanishes on S. Thus g = 0. Therefore / = 0 by the induction 
hypothesis. □ 


Lemma 2. 

that: 


Let r£ Q,r < 0. Let F 


£i> 0 ^‘ € T n,r{{T}}, Fi G SUch 


lim 

2 —> + 00 


Vr(Fj) 

q i 


= + 0 O. 


Then i^(T„ jr ) C T„ jr . 


Proof. Observe that v r is a valuation on T n>r and that T n , r is complete with respect 
to the topology defined by this valuation. Let / G T ra>r then: 

Vfc > 0 ,v r (r k (f)) > q k v r (f). 
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Thus: 


lim v r (F k T k (f)) = +oo. 

OO 


□ 


Let T £ Cf such that v(T) = —1. We set At = F q [T], Dqt = 1 and for i > 1 : 
D itT = (T* i -T)D*_ 1>T . 

Proposition 1. For all i > 0, let at £ Cf[t n ] such that there exists a constant 
c < 0 with Mi > 0, v(a,i) > cq l , and there exists a constant c' > 0 such that the total 
degree (in t n ) of at is bounded by q l c '. Let F = Y^i >o J ^ 
i) Mr £ Q, r < 0, F(T„ ir ) C T„ r . /n particular F( E n ) C E„. 

Let r < 0. {/ £ T„ )r , F(/) € E n } = E„. 


Proof. For i > 0, we set : 

Let r < 0. We have: 
Therefore : 


Fi = 


Clf 


Di.T 

v r (Fi) > iq z + cq l + rq l c'. 


lim AT1 = + 


i—¥+oo q l 

Thus, by LemmaH for all r < 0, F( T Sjr ) C T Sir . 

Let r £ Q,r < 0. Let / e T„ j7 . such that F(f) £ E„. We have to prove that 
f £ E„. Assume that this is not the case. Then we could find r' < r < 0 such that 
/ £ T n/ \ T n ^ qr i. But observe that : 


Y^Fr\f) £Y n , q 


i> 1 


Thus, we would get : 




i> 1 


which is absurd. □ 

We finish this section by the following Lemma which will be used in the sequel : 

Lemma 3. Let a £ AT[t n \ which is monic as a polynomial in T. Then, there exists 
r £ Q,r < 0 , such that L £ T„ ;r . 

Proof. Write : 

a = T k + b, 

where k £ N, and b £ Ar[t n \ and v(b) > —k. Let d > 0 be the total degree of b in 
t n . Let r £ Q,r < 0. Then for m > 0 : 

b m 

v r (— i—) > to + rmd. 

' v r T'km ; — 

Let’s choose now ^ < r < 0. Then : 

b m 

J™ 00 Vr ^) = +°°- 


Therefore \ = E m >o(~ 1 ) mconver S es in 


□ 
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2.2. Gauss-Thakur sums. 

Let Fq be a finite field having q elements, 6 be an indeterminate over F g , A = 
be the set of monic elements in A, A + ^ be the set of elements in A+ of 
degree k > 0, A = F q (6). Let oo be the unique place of A which is a pole of 9. Let 
A'oo = Fq((i)) and let Coo be the completion of a fixed algebraic closure of A^. Let 
Voo '■ Coo —> Q U {+oo} be the valuation on Coo normalized such that Vcx>(9) = —1. 
Let A be the algebraic closure of A in Coo, and let F g be the algebraic closure of 
F q in Coo. 

Let exp c be the Carlitz exponential (see m , chapter 3). For every / £ A \ {0}, 
we set Xf = exp c ( j) £ A, where : 

7T = q ~ x V^ee IJ(i - e 1 -^)- 1 e Coo. 

j> i 

We set Af = Gal(A'(A/)/A). We refer the reader to [28], chapter 12, for the basic 
properties of the abelian extension A(A/)/A'. For a £ A, a relatively prime to /, 
we denote by a a the element in Ay such that : 

Va(Xf) = C a (Xf), 

where C is the Carlitz module (see [13] . chapter 3). 

Let P be a prime of A (i.e. a monic irreducible element in A) of degree d > 1. 
Let I\p be the P-adic completion of I\ and Ap be the valuation ring of I\p. Let 
Cp be the completion of a fixed algebraic closure of Ap and we fix once and for 
all a A-embedding of A' in Cp. Let vp be the P-adic valuation on Cp normalized 
such that v P (P) = 1. Let Oc P = {x € Cp,vp(x) > 0}. 

Let sgn = sgnp : Oc P —> F g C Oc P be the morphism of F g -algebras such that : 

Vs £ Oc P , vp(sgn(x) — x) > 0. 

If x £ 0£ p , we write x = sgn(x) < x >, where vp(l— < x >) > 0. We set 
Cp = sgn{6). Observe that : 

P(Cp) = o. 

A Diric.hlet character, is a morphism : 

X : (^) X ^F^cOcp, 

for some squarefree b £ A + . Let F 9 (y) be the field obtained by adjoining to F g the 
values of \. If we view y as a primitive character of conductor /, we extend \ i n t° 
a map % : A —I > F g (x), by sending a to 0 if a is not prime to /, and y(a) = %(a 
(mod /)) otherwise. We say that x is °f tyP e 1, if X : A > F ? (%) is a ring 
homomorphism. Observe that if \ is of type 1, then its conductor is a prime of A. 
Let xp be the Dirichlet character of type 1 and conductor P such that Xp($) = Cp- 
Let / be a prime of A and let x be a Dirichlet character of type 1 and conductor 
/, recall that the Gauss-Thakur sum associated to % is defined by (see m\) : 

V*> 0 ,g(x) = ~ X“ 1 (°') cr (A/), 

o-eA f 

where we recall that A/ = Gal(A(A/)/A). Now let x be a primitive Dirichlet 
character of conductor Pi---P r , where Pi,...,P r are distinct primes of A. For 
i = 1,..., r, let Xi be a Dirichlet character of type 1 and conductor P*, then : 
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where 0 < Nj < q de s p i — 2 . Write, for j = 1,... ,r, Nj = J2i= ch’ n ij c i l i n i,j £ 
{0..., q — 1}. The Gauss-Thakur sum associated to x is (see for example (5]) : 

r degPj — 1 

9 (x )=n n 9(Xj) ni - j - 

j =i *=o 


The type of x (see also 0 ) is defined to be ]C ’ =1 J2i= 1 n i,j- 
If x is a Diriclilet character of conductor 6 , we have (see i): 

g(x)9(x~ 1 ) = (-1 ) de9b b. 


2.3. L-functions. 

In this section, we recall the functional identities for certain s-variable L-series 
obtained in [5], [24]. Let s > 0 be an integer and Z, t, yi ,..., y s be s + 2 variables 
over F g . We set for d > 1: 


C(¥ d -y 1: ...,y s', Z) = 


a£F d [6 


g(yi) ■ ■ ■ a(y s ) 

«(l) 


¥ q d [y 1 ,...,y s ][[Z}} > 


We also set : 


and : 


w(F>;i;Z) = [](1 G F q 4mZ}} x , 

3> 0 

ir(F qd ;Z) = [](i - Z**" 1 )- 1 G F q d{[Z}}». 

3> 1 


Proposition 2. 

Let d G N \ {0}. 

1) For s = 1, set y = y\. Then: 

C(¥ q d ;y;Z)u;(F q d;y;Z) _ 1 

tt(F q d]Z) 1 -yZ’ 

2) Let s = 1 (mod q d — 1), s > q d . Then there exists B(F qd ; yi,..., y s ; Z) G 
Fgdlyx,... ,y s , Z]n (1 + ZF q d[yi,... ,y s ][[Z}}) such that : 

C(Fd-,y 1 ,...,y s ;Z)uj(Fd-,y 1 -,Z)---uj{Fd;y s -Z) 

- : -= B(F q d-,y 1 ,...,y s -,Z). 

7r(Jr qd , Z J 

Proof. It is enough to prove the result for d = 1. Let t, t\, ■ ■ ■ , t s be s + 1 indeter- 
minates over Coo, then set : 

L(t!,...,t s ) =£(F g ;fi,...,f s ;i) G A'oo[[G,..., t s }}. 

This is the A-function introduced in [53j and studied in a, a, a, ua, m, m > 
m ■ Recall that L(t \,..., t s ) defines an entire function on (0 Proposition 6). 
Let’s set : 

TToo = 7r(F g ; i) G K*, 

and : 

Woo(i) = w(F q ;t; i) G A'oo [[!]]• 

Then : 

7T — Xff 6 7Too, 
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and the Anderson-Thakur function (see for example |4j), w(f), is equal to : 

Cu(t) — A$CUoo(t). 

Then assertion 1) is a consequence of |MJ Theorem 1, and assertion 2) is a conse¬ 
quence of [5] Theorem 1 and [5] section 7.1.1. . □ 

Recall that we have (see for example [24]): 

w(f) = 'y ' \gi+it Z . 

i> 0 

We will need the following Lemma in the sequel : 


Lemma 4. Let T be the Tate algebra in the variable t with coefficients in Coo, (see 
m, chapter 3), we have the following equality in T : 

ui(t) = A(g+i)j+i ( t + 1 y ■ 
j> o 


Proof. Set : 

F(i) = 5]V + i(mFer. 

3> 0 

Let r : T —> T be the continuous morphism of F g [f]-algebras such that : 

Wx € Coo ,t(x) = x q . 

Recall that 

1 


“Pc = E a r ‘ 


z>0 


where Dq = 1, and for i > 1 : Di = ( 0 q * — 6)D < [_ 1 . Then (see for example [23]): 


u(t) = exp 


Thus : 


w(f) = exp c ( 


(6 + 1) — (t + 1) 


) = F(t). 


□ 


2.4. P-adic interpolation. 

Let P be a prime of A of degree d > 1, and let z,t i,..., t B be s + 1 indeterminates 
over Cp. We set : 

L P (t 1 ,...,ts;z) = Y / E a{tl) " a a{ts) z k eA P [t 1 ,...,t s ][[z}]. 

k>0 a£A+ f k ,a^0 (mod P) 


Theorem 1. Lp{t \,..., t s ; z) defines an entire function on C^ 1 


Proof. The proof of the above Theorem is essentially a consequence of [3] section 
3.3 and the proof of [5] Proposition 6. Set : 


V k (t i,..., t s ) 


E 


a(ti) • • ■ a(t s ) 
a 

(mod P) 


Skit'll • • • l ^ ^ * ' ' Q-(ts). 

cl£A- 


and : 
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Let vp be the P-adic Gauss valuation on Kp(ti,.. .t s ). By [5] Lemma 4, if s < 
k(q — 1), we have Sk(ti ,..., t s ) = 0. Now, let n > 1 be an integer, then : 

Vae A\PA,v P (^ > q dn . 

Thus: 

vp(V k (ti,.. .t s ) ~ 51 a (*i)''' a(t s )a gdn( ' q *'~V~ 1 ) > q dn . 

But , if k(q — 1) > s + nd(q — 1) + q d — 2, we have : 

5 ^ a(t\) ■ ■ ■ a{t s )a q G - 1 )- 1 = q. 

Thus if k(q — 1) > s + nd(q — 1) + q d — 2, we have : 

vp(V k (t i,... ,t«)) > q nd . 

□ 

Propositions. Let s > 1. We have Lp{t\, t s ; z) | z =i= 0 if and only if s = 1 
(mod q — 1 ). 

Proof. Let’s set : 

P(ti,..., t a ) = L P {ti, ...,t a \z) U=i . 

Then by TheoremQ] P(ii,..., t s ) dehnes an entire function on C S P . Let i \,..., i s G 
N. Then, if s 1 (mod q — 1), we have : 

F(6 qil ,..., 9 qis ) = (1 - p'z il +-+'P-i) / 3 ( ( f i H- +q is —1)^0, 

where j3(i) denotes the itli Bernoulli-Goss number (see for example jT5], [50]). Now, 
if s = 1 (mod q — 1 ), we have : 

F(o qil ,...,e qis ) = (i~p qil+ - +qis - 1 ){J2 51 a,q ' 1+ ' +q ' s ~ 1 )- 

k >0 a(zA+,k 

But, since q 11 H-+ q l “ =1 (mod q — 1 ), we get ([T3|, section 8.13.) : 

F(9 qil ,..., 9 qis ) = 0. 

But P(t i ,... ,t s ) is an entire function, thus by Lemma[T] if s = 1 (mod q — 1), we 
get that F(ti ,... ,t s ) = 0. □ 

If s jk 1 (mod q — 1 ), we set : 

Tp(t 1 , • * - , ts) — Pp(tli • * • 5 t S , ^-) |z=li 

and if s = 1 (mod g — 1 ) : 

^p(tl) • • • 5 t 5 ) = ——Lp(t\ ,...,ts,z) —1 • 

dz 

Note that, by Theorem[l] Lp(t \,..., t s ) defines an entire function on Cp. 

Proposition 4. Let s > 1 fee an integer. Let Vp be the Gauss P-adic valuation on 
Ap[[h ,... ,t s ]]- Then : 


v P (Lp(ti, ... ,ts)) = 0. 
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Proof. We prove the assertion for s ^ 1 (mod q — 1). Since Lp(ti,... ,t s ) is an 
entire function, we can evaluate it at t s = 9, we get 

L P (t 1 ,...,t a )\t e =e=Yl a{h)---a(t s ) e¥ q [ti,...,t s ] 

fe>0 (mod P) 

But L P {t\,. ,.,t s ) \ tl =e,...,ts=e= (l-P s_1 )/3(s-l) where /?(s-l) ^ 0 is the s-lth 
Bernoulli-Goss number (see [2D]). Thus, Lp(t\,.. ., t s ) \t a =e£ F g [fi,..., t s ]\{0}, so 
that vp(Lp(ti ,..., t s )) = 0 . 

The proof of the Theorem is similar for s > 2, s = 1 (mod q — 1). It remains to 
treat the case s = 1. Recall that by Theorem [l] Lp(t) is an entire function. Since 
fi{q — 1 ) = 1 , we have : 

L P (6>9) = ^ ^ a 9-1 = P 9-1 — 1. 

fc>l (mod P) 


□ 


3. Anderson’s P-adic logarithm 


Let P be a prime of A of degree d > 1 . In this section, we recall the construction 
of the P-adic logarithm of Anderson (DP, proposition 11) and we extend it to Oc P - 
Let r:Cp->Cpbe the isomorphism of F g -algebras given by : 

Vx £ Cp, t(x) = x q . 

Let C : A —> A{t} be the Carlitz module, i.e. C is the morphism of F 9 -algebras 
given by : 

C e = t + 9. 

For a £ A \ {0}, let A a C K be the set of a-torsion points for the Carlitz module 
and set A = U ae A\{o}A a - 

Lemma 5. 

i) Letn > 1, then Ap(Ap„_i) = Kp(¥ q dn). Furthermore, letip £ Gal(A'p(F qdn )/K P ) 
be the Frobenius morphism then : 

VA£ Ap»_!,p(A) = C7 P (A). 

ii) Kp{ A) is the maximal abelian extension of Kp. 

Proof. This Lemma can be deduced from the work of David Hayes (PS)- For the 
convenience of the reader, we give a proof of it. 

i) We observe that : 

Gpn_! = r dn - 1 (mod PA{t}). 

Thus, by Hensel’s Lemma : I\p{Apn_ 1 ) = K P (F q d n ). Furthermore ^(Ap»_i) = 
Apn_ 1 . Thus, the second assertion comes from the fact that if A, A' £ Ap«_i, 

A ^ A', then vp (A — A') = 0. 

ii) Observe that Cp is a Lubin-Tate polynomial. Thus, assertion ii) is a consequence 

of i) and Lubin-Tate theory (see [23], chapter V). □ 


Recall that the Carlitz exponential is defined by : 

ex Pc = 7T r ‘ e A dMI, 


2>0 
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where Do = 1 and for * > 1 : Di = ( 9 q — 9)Df_ 1 . We have the following equality 
in A'{{r}} : 


exp c 9 = Cg exp c . 
Furthermore, the Carlitz logarithm is defined by : 


l °gc = Y t t ' 1 g ^{M>> 


where £q = 1, and for i > 1 : Hi = (9 — 9 q We also have the following equality 

in A'{{r}} : 

exp c logc = logo exp c = 1. 


Lemma 6. 

i) exp c converges on {x G Cp,vp(x) > ^zq-}. Furthermore, for x G Cp, vp(x) > 
^ 33 T, we have up(exp c (x)) = v P (x). 

ii) logc converges on ££)tc P = {x & C p,vp(x) > 0}. Furthermore, for x G Cp, 
vp(x) > ci f _ 1 , we have vp{logc{x) — x) > i’p(x). 

Proof. Let [x] denotes the integer part of x G R. The Lemma comes from the 
following facts : 

Vi > 0 ,v P (£i) = [^], 

cf — n i ~ 

Vi > 0 ,v P {Di) = - 2 —. 

q a — 1 

□ 


We set A' = U n >iAp *«_ 1 and A" = U n >iApn c 9Jlc P - We have a direct sum of 
A-modules A = A' © A". Observe that Oc P has a structure of A-module via the 
Carlitz module (denoted by C(Oc P ))- Thus Lemma [5] implies that we have a direct 
sum of A-modules : 

C(Oc P ) = A' © C(9Jtc P ). 

Furthermore one can show that C( 9Jlc P ) is an Ap-module but we will not need this 
fact. 

Lemma 7. TotaC'(DJIcp) = A" and : 

Ker (logc : C(Wl Cp ) -> C P ) = A". 

Proof. The first assertion is obvious by our previous discussions. Let x G 9Ac P - 
Then there exists an integer n > 0 such that vp(Cpn (x)) > q /_ 1 . Thus, by Lemma 
EH we have : 

v P (logc(x )) = v P (^logc(C P n(x)) = v P {C P n(x)) - n. 

The Lemma follows easily. □ 

Now, let x G C(Ocp), then there exists an integer n > 1, such that up(Cp~_i(x)) > 
0. We define the P-adic Anderson’s logarithm of x (this is an analogue construction 
as that of the Iwasawa logarithm) as follows: 

logc,p(x) = pi }_ ^ logc{C P n- 1 (x)). 

Note that logc,p{x) is well-defined. We have immediately by Lemma [7] 
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Lemma 8 . The map logc,p ■ C(Oc P ) —> Cp is a morphism of A-modules and its 
kernel is exactly A. 

4. Non-vanishing of David Goss P-adic Dirichlet P-functions 


Let P be a prime of A of degree d. Let x be a Dirichlet character of type 1 and 
conductor /. Recall that : 

9(X) = ~ £ X _1 (cr)cr(A/). 

aeA f 

Let d = r 0 1 on A[A/] F g (x), then : 

<r{g(x)) = (x(0) - 0)g(x)- 


Now, let x be a Dirichlet character of type s > 0 and conductor /, then the above 
equation and the definition of g(x) imply that there exist Ci, • ■ • , Cs G F g such that: 

<r{g(x)) = (Ci - 0) ■ ■ ■ (Cs - 0)g{x), 

where a = t ® 1 on A[A/] F g (Ci,..., Cs)- Furthermore, one sees easily that if 
a € A is relatively prime to /, then : 

X{a) = x(o’a) = a(Ci) • • • a (Cs)- 
By Theorem [TJ we can set : 


Lp{\,x) = Lp{ti, ...,t s ) A P [x\. 

Observe that is s ^ 1 (mod q — 1), we have : 

Mi,x) = £ E 

fe>0 ,a^0 (mod P) 

where x is viewed as defined modulo its conductor and x( a ) = 0 if a is not relatively 
prime to /, and if s = 1 (mod q — 1 ) : 

uXi a ) 


Mi,x) = £ £ 


fc>0 (mod P) 

Our aim in this section is to prove the following Theorem : 


Theorem 2. Let x f> e a Dirichlet character of type s and assume q > 3 if s = 0. 
Then : 

Lp{ 1,X)^0. 

Note that the case of characters of conductor P and s ^ 1 (mod q— 1) is treated 
in [8j and the non-vanishing result uses Vincent Bosser’s P-adic Baker Brumer 
Theorem (see the appendix of | 8 ]). In what follows, we propose a new approach 
which does not use the P-adic Baker-Brumer Theorem. The proof of Theorem [2] is 
quite technical and we first need some preliminary results. 

Let s > 0 be an integer. We will now work in K[t\, ..., G][[-]]• Let 

r : K[t 1) ...,t s \[[z]] -A K[t 1) ...,t a ][[z}\ 

be the continuous morphism (for the 2 -adic topology) of F 9 [t 1; ..., t s \ [[z]]-algebras 
such that 


Mx £ K , t(x) = x q . 
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Set : 


log s ,z = 


bi{ti) ■ ■ ■ bi{t s ) k k 


k> 0 


where for j = 1,..., s, b 0 (tj) = 1 and for i > 1 : bi(tj) = — 6 q )■ Then, 

Corollary 5.12 in i(J| implies that there exists u(ti ,..., t s \z) G A[ti ,..., t s , z] such 
that we have the following equality in K[ti ,..., i s ][[z]] : 

o,(ti) • • • a(t s ) k . 

> - 2 =log s , z u(t 1 ,...,t s ;z). 

. a 

fc>0 aG-A.).^ 

We have the following properties for the ’’Anderson-Stark units” u{t \,..., t s ; z) : 

Lemma 9. 

i) If 0 < s < q — 1, u{h,... ,t s ; z) = 1. 

ii) If s>q, s = 1 (mod q - 1), u{h, ...,t a ,z) \ z =i= 0. 

iii) If s > 1, we have : 

u(ti,...,t a \z) | t .=e= y a(ti) • • • a(t. s - 

k>0 aGA^*. 

In particular if s > q, s = 1 (mod g — 1) : 

d 


i )z k - 


dz 


,t a \z)) | z=1 £ 0. 


Proof. Let’s set : 


exp atZ = 'E bi(tl) '- bi{ts) z i T i - 


i> 0 


D, 


We work in the Tate algebra in the variables t\,... ,t s , z with coefficients in AT<x)- 
Set : 

a(ti) ■ ■ ■ a(t s ) k 

L = 2 - 2 . --- 2 • 

k>0 aEA+ t k 

Then by [ 6 ], Corollary 5.12 , we have : 

u{ti,...,t 3 ;z) = exp s A L s, z )- 

Furthermore, by [B] Lemma 3.9 and .5] Proposition 6 , this is an equality between 
entire functions in the variables ti ,..., t s , z. Thus we get the first assertion of iii) . 
Fo the second assertion of iii), observe that : 

——(u(ti, • • • , t s ', Z )) |a=l t 1= e t»= 0 = /^(® 1 ) 7^ 0 ; 

dz 

where (3{i) denotes the ith Bernoulli-Goss number. 

For ii), it is a consequence of [B], section 7. For i), observe that : 

= _ s tz i 

Di q - 1 

Therefore, if 0 < s < g — 1, we get : 

^OO (exp s , z ( L s,z) - 1) > 1- 

Since u(t ±,..., t s , z) G A\ti ,..., t s , z], we get i). □ 
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Proposition 5. 

Let s > q. Write s = q + r + i(q — 1), £ £ N, r £ {0,..., q — 2}. Then u(ti ,..., t s ; z) 
viewed as a polynomial in 9 is of degree s( g g ~ 1 ) — Iq t if r = 0 and s( q ) — (£ + 
l)q e+1 if r ^ 0. Furthermore the leading coefficient of u(ti,..., i s ; z) viewed as a 
polynomial in 9 is : 

ifr = 0,(-l)V(l-2). 


ifr^0,(-l)*^ +1 V +1 . 


Proof. We prove the result for r = 0, the proof of the Proposition being similar 
in the remaining cases. We will use freely the results in [ 6 :. Let s > q, s = 1 
(mod q — 1). Let <f> be the Drinfeld module defined on the Tate algebra in the 
variables t\, ..., t s , z with coefficients in K x such that cfg = z(t\ — 9) ■ ■ ■ (t s — 9)t+9. 
Recall that : 


where : 


u := u(t i, ...,t s ;z) = exp 0 L, 

l = ^2 ^2 ~ k 

k>0 a£A+,k 


In particular Voo(L — 1) > 1. Recall that : 


ex P^ = 


bi{ti) 


i> 0 


■■bj{t s )z l i 

A T 


We say that an element / in ¥ q (ti ,..., t s , z)((jj)) is ” monic” if there exists an 
integer tn € Z such that : 

Voo(f-9 m ) > Voo (/). 

For i > 0 observe that t 1 (L) and are almost monic. Recall that : 


w^n i/TW •* , ~ 1 X 

Vz > 0, Uoo( - — - t (L)) = iq - s{ - 


A: 


9-1 


Set on = (—*£l r *( 2 y ) j then Oj is monic. We have: 


u=Y,(- i y i( *iz i - 

i> 0 


For i > 0, we have : 

(0 + !) 9 l+1 - s(--yh) - (iq 1 - s(- -h) = q\q + i(q - 1 ) - s). 

9-1 9-1 

Write s = q + i(q — 1), i G N. We get : 

Voo(u- ((-1 ) se aiz e + (-l) s( ^ +1) a^+iA +1 )) > Uoo(-u). 


But at and ay+i are monic, thus: 

Voo(u - (z e ( 1 - z)(-l) si 9 tql - 8 ^) > Voo (u). 

This proves the assertion. □ 
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Let x be a Dirichlet character of type s and conductor /. Recall that there exists 
Ci, • • •, C« € F 9 such that : 

v(ff(x)) = (Ci - 9) ■ ■ • (C* - O)g(x), 


where <r = r 0 1 on A[A/] Of, F g (Ci,..., CO- We set : 

%0) = 9{x)u{ti, • ■ • ,t s ;z ) | tl=fli ... itis=C(s G ff(x)F g ( Ci, ■ • ■, COM- 

Let [x] = {x q , i > 0}. Observe that for ip € [x], ip is of type s and conductor /. 
We set : 

U[ x ]{z) = E MM e A[X f ][z], 

V'elx] 

and : 

„,(!)' ' d 


lx] 


(■ 2 ) = 


Theorem 3. Let \ be a Dirichlet character of type s and conductor f. 

1) If s ^ 1 (mod q — 1), then : 

-bp(i,x)s , (x) = (! - p l x( p ))~r^—\ E 1)))- 

' f ' MeA f 


2) If s > q, s = 1 (mod g — 1), then : 

Lp(l,x)g(x) = (l--P _ 1 x(-P))j-^—| E X _ 1 (m)^c,p(m(w[ x ] (!)))• 


3) If s = 1, we have : 

Lp(i,x)g(x) = (i--P _ 1 x(-P))r^—r —X] xMm)Mc,p(M/))- 


Proof. We first work in I\ [ti ,..., t s ][M]- Let r : K [ti ,..., i s ][M] -A K[ti, ■ ■ ■, i s ][M] 
be the continuous morphism (for the 2 -adic topology) of F g [fi,..., t s ] [[zJJ-algebras 
such that V® € K, t(x) = x q . Set : 

log s , z = Y J bl{tl) "' bl(ts) z k T k . 

k> 0 4 

Then recall that we have the following equality in K[t%,... ,0][[z]] : 

V V a ^±^± z-=h g ,,,u(h,...,t,;z). 

k >0 aGA+^fe 

Let (T = r@lon If [A/] Of, F g (Ci, ■ • ■, Cs)- And set : 

l09a,z = E 

k >0 lk 

If we specialize ti in C and if we multiply the formula by g(x) > we have the following 
equality in K [A/] Of, F 9 (Ci, - -., C0)[M] : 

E E ^- 9 (x)z k =log a , z u x {z). 

k >0 aE-A-i^fc 

Recall that A/ = Gal(if (Xf)/K), and that for g G A/, we have : 

Mfl(x)) = x(/0s(x)- 
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Now, set : 

logo,- = E 

k> 0 

We get the following equality in A'[A/][[z]] (r acts trivially on z ): 

E E E ^- 9 Wz k = log c ,zU [x] (z). 

V’ 6 [x] fe >0 aeA +ifc 

By the properties of the Gauss-Thakur sums, we deduce that : 

I A / I E E ^-9(x)z k = E X~ l Wog c ,zV{u[x]{z)). 

fc >0 aG-A_|_ fe /xGA/ 


Therefore: 

\ A f\9(x)Yl E = E X -1 (M)ioffc,*M(«[x](^))- 

fc> 0 aeA +ifc /xgA/ 

And finally : 

S(X)£ E = (1-P- I x(i , )^) r s-| E 

fc >0 aEA + 'k f (IgA/ 

a^O (mod P) 


Recall that : 


Ologc,z = logc,z{zr + 8). 

Now, since ur x i(l) can be a P-adic unit, using the functional equation of logc, z if 
necessary, we get if \ is even (i.e. s ^ 1 (mod q — 1)) : 


Mi.xMx) = (1--P 1 x( p ))r^—r E * 1 (!)))• 

' f ' /ieA f 


Observe that U[ x ](l) £ exp c (K(Xf) Or- AAo), he. W[ x ](l) i s a Taelman unit (see 
[223; ®)- More precisely, we have the following equality in K{\f) ®k : 


exp c ( E l M)9W) = «[*](!); 

V’eRl 


where r : K(Xf) Or- -a K(Xf) Or- A'oo, a i-A a 9 . Now, let’s treat the case where 
X is odd (i.e. s = 1 (mod q — 1)). If s > q, by Lemma|]we have U[ x ](l) = 0. Using 
again the same technique, we get in this case: 

Mi,xMx) = (i- p-1 x( p ))j-^—| E x _1 (m)^c,p(m(w[ X ] (!)))• 

' f ' A»eA f 


Thus, it remains to treat the case s = 1 . First, by }32| Proposition I and Lemma 

El 

u [x]( z ) = X f- 

Therefore, in this case : 


s(x) E E 

k> 0 aEA+ } k 

a^O (mod P ) 


X(a) k 


(1 - p-' x (P)z d )-l- J2 x-HMogcM^f)- 


a 
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Now, select AsF, such that / is relatively prime to 9 + A. Then : 

Y X~ 1 W°gc,z^f) = X~ 1 {0 + A) Y X~ 1 {fJ-)logc,zC e+ x{lJ.(Xf)). 

/ieAy 

Thus g(x)(x(0 + X)-(9 + A)) £ fc > 0 E a eA + , fe ,a^o (mod p) zk is e q ual to: 

(1-P~ 1 x(P)z d )-r-^— Y X~\v)(logc,zC 9+ \(g(Xf)) - (6 + X)logc,zg{Xf)). 


But s = 1, thus y(0 + A) = x(0) + A. Thus, 

9(X)(X(0)-6)Y Y ^T zk 

fe>0 (mod P) 

is equal to : 

(1 ~ P~ 1 x(P)z d )r -^—I Y X-(jJ')Qogc,zCe(n{Xf))-9logc,zfJ'{Xf))- 

Set : 

4 1 l = Er« tI ' i ' 

fc >0 k 

Then : 

lo 9cU ZT + e )~ 0l °9cl = ~ l °gc,zT. 

Therefore, for s = 1, we get : 

g(x)Lp{ l,y) = ( 1 ~f'~ 1 x(-P))j-^—I g_ ] ' (e) Y x^WogcA^X))). 

' f ' X\ J 


□ 


Proof of Theorem^: We first treat the case where x is even (i.e. s ^ 1 (mod q— 1)). 
Note that by Proposition [5l we have : 

u lx]( 1 ) ± °- 

Since x is even this implies that ur x i (1) is not a torsion point for the Carlitz module, 
in particular : 

log c ,p{u [x] ( 1)) ^ 0. 

But, by the proof of Theorem [3l we have : 

log c ,p( u {x]( 1)) = Y t 1 ~ ^-jP-)~ lL p( 1 A)gW- 

V>e[x] 

This implies that there exists ip £ [\] such that : 

L P (l,ip) jz 0. 

Thus, we have to prove that if Lp(l,x) ^ 0, then Lp(l,x9) ^ 0. We are going to 
prove it by performing a change of variables. 
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Set K ^ = F,j(0 9 ) ) observe that K/K^ is totally ramified at every place of K^ q \ 
Let C {q) be the Carlitz module for A (q) := A q = F g [6» 9 ], i.e. = t + 9 q . Let 

\ f = exp c( „)(-^y). Then : 

K(X f ) = K(\<$ eq) ). 

Furthermore, the restriction map induces an isomorphism of groups : 

A ~ A (l) 

A f - A /(e«r 

This implies that : 

Vcr e Af,x(cr) = x(c (9) ). 

Now Lp(l,x) 7 ^ 0 implies that Lp\l,\) ^ 0. But : 

L ( £\l, X ) = (L P (l,x«)) q . 


Thus : 

L P (1,X«) ^ 0. 

Now, we turn to the case where x is odd of type > q. Again, by Proposition 0 we 
get : 

^ °- 

Since x is not of type 1; by [32] Proposition I, rt^j(l) is not a torsion point, in 
particular: 

logc,p(ufy(l)) ^ 0 . 

Now by the proof of Theorem [3] 

logc,p( u fr ](!)) = ( 1 ~ -^p-y 1 

V’elx] 


We can conclude as in the even case. It remains to treat the case s = 1. Observe 
that A J is not a torsion point for the Carlitz module. Furthermore by Theorem [3j 
we have : 

logc,p{ x f) = “ WX 1 - ^p-ALpil, tf>)g{if>)- 

V’Slx] 

Again, we can conclude as in the even case. This achieves the proof of Theorem [2] 


5. The special function lo p 

Let P be a prime of A of degree d > 1. In this section, we extend [3J, Theorem 
2.9, to the P-adic case. Let’s consider Cp[t, p^y] equipped with the usual Gauss 
P-adic valuation vp and let A be the completion of Cp[t, -p^y] for vp. Instead of 
working in P-adic Tate algebras as in [6], we will work in the affinoid algebra A (see 
fl2l chapter 3). Let r : A —> A be the continuous morphism of F g [f, pyjy]-algebras 
such that : 

Va; S Cp, r(x) = x q . 

For j = 0 ,,d— 1, we set (see section 2.2. for the definition of uj(W q d.;y; Z)): 
Uj,p(t) =r J {uj(F qd ;-^—]0-Cp)) e p^yH[ P ]] X cA - 
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We also set : 


Observe that : 


And also : 


d -1 

up{t) = Uj,p(t). 
3=0 


up{t)= nu 

j>0 


(0-Cp) q \ -i 


r(w P (t)) = 


We fix 7 e C p such that : 

r y qd ~ 1 = Cp-o. 


Theorem 4. Let x be a Dirichlet character of type 1. Let f be the conductor of x- 
1) If f jt P. Then : 

g(x) = sgn(g{x)){u P |t= x (e)). 


Furthermore : 


In particular : 


sgn(g( X )) qde9f - 1 


degf — 1 

n (xw- c q p)- 


3=0 


sgn{g{\ 1 ))5(x) = (-l) degf /(Cp)(wp \t= x (9))- 


%) If f = P, write X = Xpi * G {0,..., d — 1}. Then: 


g(x) =T q, sgn(^-)P\C P ) q '{ u j>P ) | t=x (0) • 

7 3=0, 

Furthermore : 

sgn{^-) qd -'=P'{C,i). 

Proof. 

1 ) Let ( = x(@)- We have : 


r(g(x)) = (C q -8)g(x q )- 


Thus: 

T degf {g(x )) = bdegf(Og{x)- 

Since / ^ P, 5 ( 7 ) is a P-adic unit and this gives the second assertion of 1). Let 
n = ( q de 9f — 1 )ddegf then (see for example [28] , Theorem 12.10.) : 

®V(C> sgn(\f)) C F 9 n. 

We get for any k > 0 : 

g(x) qkn =r kn (g(x)) = b nk (Og(x)- 


kn 

lim g(x) q = sgn(g{x))- 

k, —^-(-00 


Now, observe that : 
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Now we turn our attention to b n k(t) : 


ik— 1 


b„k{t) = JJ (i- 0 qk ). 

3=0 

Since d divides n, we can write the above product : 

nk/d—l d —1 

bnk(t)= n 

2—0 J =0 


Thus: 


nk/d—l d— 1 

hnk (t)=p(tr k / d n ni 1 - 


(^'-C|>>' 


<=o i=o ^ Cp 


Observe that P(C) £ F * degf . By our choice of n : 

P(t) nk / d | t=f = 1. 

Now, for j = 0,..., d — 1, we have : 


LU. 


k >0 1 SP 


We get the hrst formula of 1). For the last assertion of 1), use the fact that : 

g(x)g(x~ 1 ) = (-1 ) de9f f- 

2) Now let x = Xp i * £ {0, • ■ ■, d — 1}. Then as in the proof of part 1): 

T d (g{x)) = bd{x(Q))g(x)- 

But: 

b d (xm = p'(c£)((p-of n a - (g ~ Cp) J )• 


_ r q 

3=0,j^i sp SP 


Thus : 


P ( £W) = P , {C ; K jt (1 _ () £(x) 

v jq' ’ v^P/v 11 v ^ 9 * _ /-q 3 " -v9 


Cl, - Cl> r 


We conclude as in the proof of part 1). 


□ 


6. The Spiegelungssatz 

Let P be a prime of A of degree d > 1. Our aim in this section is to show that 
the P-adic L -functions Lp{t\,... ,t s ), s > 1, verify a particular kind of functional 
identity which can be seen as a Spiegelungssatz for P-adic P-series. 
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6.1. The case s = 1. 

Let £ P = \i{ P = 0 and zero otherwise. Let B C Cp[[£ + £p]] be the set of power- 
series in t + £p with bounded coefficients and let vp be the Gauss P-adic valuation 
on B. Let r : B — > B be the continuous morphism of F 9 [[t + £p]]-algebras such that: 

\/x € Cp, t(x) = x q . 

We set B° = Oc P [[t + £p]] C B. We extend the function sgn : Oc P —> F g into a 
continuous morphism of F 9 [[t + £p]]-algebras : 

sgn : B° -A- ¥ q [[t + £p]]. 


We set : 

B 00 = Ker sgn. 

Observe also that : 

ACB. 

We set : 

V(t) = '^2sgn(\( 0+ep y+i)(t + £ P ) 


3> o 

Note that : 

M(t) G >3°. 

We have : 

r(/x(£)) = (t- Cp)/x(£). 

Therefore : 

r(a)p(f)ju(f)) = (t- 9)uj P (t)n{t), 

and : 



e B°. 


Lemma 10. g(t) is transcendental over Frac(„4). In particular uip{t)g{t) is tran¬ 
scendental over Frac(>4). 

Proof. Observe that, for all n > 0, we have : 

T dn (»(t)) = P(£)>(£). 

This easily implies that g(t) is transcendental over F q (t). Set A 0 = B° fl A, then 
we have : 

sgn{A°) =¥\j[t, -p^y]. 

If g,(t) was algebraic over Frac(>4), there would exist f(X) £ _4°[X] with at least one 
coefficient of P-adic valuation zero such that f(n(t)) = 0. Since sgn(g(t)) = g(t) 
we would get that ji{t) is algebraic over F q (t) which is a contradiction. □ 

Lemma 11. 

Let u>(t) = o A(g +ep )i+i (t + £p) J £ B°. Then we have the following equality in 
B° : 


U!p(t)n(t) = U>(t). 
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Proof. First observe that : 

and : 

Thus by Lemma [5] : 

for some f £ B°. Therefore : 


r(w(t)) = (t-6)w(t), 
H(t) = sgn(uj(t)). 

uj(t) = £t(t)(l + Pf), 

"(*) G ( B°) x 


Kt) 


We have : 


Thus : 




w(t) 

u> P (t)n{t) 

u{t.) 


U}(t) 

G Fq[[t + £p]]. 


But : 


The Lemma follows. 


vp( Mm) _ 

u(t) 


□ 


Observe that by Lemma [U ui(t) is the usual Anderson-Thakur function viewed as 
an element in B. 

Let : A —> B q {t} be the morphism of F 9 -algebras given by : 

c\ = (t - C p)r + e. 

Then we have the following equality in B°{t} : 

Cen(t) = mcl 

We set : 

sgn{bi{t)) 4 

log c i = 2^- T - r e 

i> 0 1 

Then, we have the following equality in B{{t}} : 

log c tCg = 9log ct , 

and : 

(2) g{t)log c t = log c p(t). 

Now, we extend logc,p ■ Oc P —> Cp into a morphism of F g [[t + £p]]-algebras 
log c ,p : B° —> Cp[[t + £p]], by setting : 

logc,pC^2,Oii{t + £ P ) 1 ) = ^2logc,p{cii)(t + e P )\ a, G Oc P - 

2>0 z >0 

Observe that by Lemma nn we have : 

logc,p{u P (t)g(t)) = 0. 

Let Ma = {iG A, vp(x ) > 0}. Observe that : 

A 0 = {x G A, v P (x) > 0} = F q [t, pL] © 
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We notice that logci converges on Ma • We have : 

Cp = P(t)r d (mod PAp[t]{r}). 

Thus, if a G F g , there exists an integer n > 1 such that : 

v P {C ] pn {a) - P{t) n a) > 1. 

Therefore, as in section 3, we set : 

log C \,p{a) = pn 1°9 ca {C]n (a) - P(t) n a ) G A. 

We obtain a map: logci t p ■ A 0 A. 

Lemma 12. We have : 

log C i,p(u P {t)) = 0. 

In fact, we have : 


Vx G A ?, g{t)log c t,p(x) = logc,p{xg(t)). 

Proof. Observe that : 

Cg (uip(t)) = tui P (t). 

By the definition of logc\p, we have : 

log c i,p(up{t)) = j—:logct,p(Cl(wp{t)) - tw P {t)) = 0. 

The second assertion can be proved the same way and is left to the reader. 
Now, we set : 


□ 


C P (t) = J[ rHC(¥ qd - - Cp)) £ Mi, Ay][[P]]. 

Observe that C p (t) is convergent for t G Cp \ {(p ,..., Cp d_1 }- 

Theorem 5. 

Set 7 Tp = nto a>i(l ~' ($ — Cp) 9 J+ ~ q ) _1 - We have the following equality in 

M^KGP)): 


6 d (t)Tp(t)( 1 p (^k(P,k) hk (t)u}p{t))) = P(t)L P (t), 


7 Tp P 


fc=1 


where Cp = Y2k=o(^ h)i - k , (P, k) G A, k = 0,... ,d. 


Proof. Set : 


Logp^ = ^ 


7 dega 


-C a G 7lp{r}[[2]], 


aGA+\PA+ 


logc,z = T Tk G 


k> 0 


Here rz = zr. By Anderson’s log algebraicity Theorem (see [I]): 


dega 


logc.z = V -C a . 

^' n 


xeA + 
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Therefore : 

We get in Z3[[z]J : 

( 3 ) 

We have : 


Logp yZ = logc, z — -j^logc.zCp. 


-^ n (f\ 2'^’ e ^ a 

Log PtZ (u>p(t) fi(t)) = ( ^2 ---)(wp(£)//(£)). 

a£A + \PA + 


d d z^ ^ z^ d 

—rLogp z = —log c ,z d^——log c , z C P - — (— log c , z )C P . 
dz dz P P dz 

Taking z = 1 we get : 

-j^Logp, z | z= i= logo, z \z=i -dlogc - ^-^logc, z \z= l C P € A'{{t}}. 

But, using the fact that : 


logc, z C z ,p = Plogc, z 


where if Cp = J2k= 0 (P, fc)r fe , we have : 


c z , P = j2 zk ( p ’ k P- 


fc=o 


We get : 


dz 


1 ' 

U=i= -p lo 9c{Cp k(P,k)r k ) - dlogc G P'{M}- 


fc=l 


Therefore, evaluating at /z(£)u;p(t) and using J3|) and ©, we get : 
d 


l 

p' 


-JogciAY, k (P> k)bk(t)u}p(t)) - dlog c i } p(vp{t)) = L P (t)uip(t). 

fc=1 

But by Proposition [2] : 

C P {t)u P {t) Pit) 


tip b d {t)' 


We get the result by Lemma fT2l 


□ 


6.2. The case s > 2. Let t\,... ,t s , z be s + 1 indeterminates over Cp and let 
B s be the set of elements in Cp[[ti + £p ,... ,t s + Ep ]] with bounded coefficients 
equipped with the usual Gauss P-adic valuation. Let t : B s —> B s be the continuous 
morphism of F q [[ti + Ep,..., t s + £p]]-algebras given by : 

Vx € C p , t(x) = x q . 

Let sgn : B° s := {x € B s , v p (x) > 0} —> F q [[£i + Ep ,..., t s + £p]] be the continuous 
morphism of F q [[£i + Ep,... ,t s + £p]]-algebras that extends sgn : Oc P —> F q . Let 
also B°° = ker sgn. 

Let A s C B s be the P-adic completion of Cp[ti,..., t s , P t tl y.. P u ) ]• We also set 
A 1 ). ={it A s ,vp{x) > 0} and ^1°° ={it A s ,vp{x) > 0}. Let cj> : A —>■ *4 s {r} be 
the morphism of F q -algebras given by : 

= (ti - Cp)- - ■ ( t s - (p)t + 9. 
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If s = 1 then 6 = . Let : 


Sr .sgn{b i {t 1 )---bi{ts)) t rr 

l °g^ = 2 _^ - j - T e A{W}- 


i>0 


We have in B{{t}} : 


g(ti) ■ ■ ■ g{t s )4>e = Cen(t\) ■ ■ ■ git s ), 


g{h) ■ ■ ■ g(t a )log^, = log c g{ti) ■ ■ ■ g(t s ), 
tog(p(j)Q — Olog(j,. 

As in the previous section let logc,p '■ B Q S —> Cp[[t\+£p,... ,t s + £p]] be the contin¬ 
uous morphism of Fq [[ti +£p,..., t s + £p]]-algebras induced by logc,p '■ Oc P — > Cp. 
Now, observe that log$ converges on A°° and : 

4> P = P(ti) ■ ■ ■ P{t s )r d (mod PA°{t }). 


Thus, again as in the previous section, we can extend log$ to a continuous morphism 
of F g [fi,..., t s , p( fl ). 1 .p( t3 ) (-algebras log^^p : —>■ A. We have : 

Vx G A °, /i(ti) • • • /r(t s )Zo 50 ,p(x) = log c ,p{xg(ti) ■ ■ ■ g(t s )). 

We will follow the proof of Theorem[3] We work in £> s [[-]] where tz = zt. We have 


in B s [[z ]] 


a (^i) ‘ ‘ ‘ a{t s ) k 

/ j / J % — log s , z u(ti ,, t s , z), 

z — J a 

fc> 0 aGA-j.^ 


where : 


, bi{ti) ■ ■ ■ bi(t s )z' 1 i 

log s , z - 2 ^ n T ■ 

i> 0 1 


Thus: 




E 

k> 0 < 

E 

ieA +:k 

a{ti) ■ ■ ■ a(t s ) k P[t\) ■ ■ • P{t s )z d ^ 

z = (1 p )log s ,zu{h ,.. 

.. ,f s ; 2 ) 


a^O (mod P ) 


We multiply the above equality by w(ti) • • • ui(t s ) G B °, we get : 


a(h) ■ ■ ■ a(t s ) k 

- z 


w(fi)---w(f s )E 

k>0 aGA-j-^a^O (mod P) 

= (1 - Plytl ' > ^ ts ^ )logc, z u(ti) ■ ■ ■ uj{t s )u{t 1 , ...,t s ;z), 

where we recall that logc, z = XL>o T t ‘• Observe that : 

w(ti) • • • u](t s )u(t 1 ,..., t s ; z) G g{t\) ■ • • g(t s )A Q s . 


Now, we divide by g{t\) ■ • • g{t s ), we have (in A[[z]]): 


a(h) ■ ■ ■ a(t s ) k 

-Z 


Wp(fi) • ■■U}p{t s ) E E 

fc>0 aGA-j-^fc ,a^0 (mod P) 

= (1 - Elhl — jlog^Upiti) ■ ■ ■ UJp(t s )u(t 1 , ..., t s ; z), 












30 


BRUNO ANGLES AND FLORIC TAVARES RIBEIRO 


where : 


l °94>,* = }L- J. - r ' 


i> 0 


Now, as in the proof of Theorem [3J if s ^ 1 (mod q — 1), we have : 
ujp(t\) ■ ■ ■ ujp(t s )Lp(ti ,..., t s ) 

= (! - ——)io^,p(wp(fi) • --ujp(t s )u(t i,.. .,t s ; 1)), 
and if s = 1 (mod q — 1), we get : 
wp(ti) • ■■up{t s )Lp{ti,... ,t s ) 

= (1- P ^ p )log^p{uj P {t{) ■ ■ ■ u}p{t a )^ z u{t\,. ..,t s ; z) | 2= i). 

Therefore, for s ^ 1 (mod q — 1), if we set : 

U(t u ...,t s ) = w P (t 1 )---ujp(t s )u(t 1 > ...,t s -,l) 




and for s = 1 (q — 1) : 


f/(ti, . . . , t s ) — LU p{t\} ' • • LU p{t s) , • ■ • , ts i z') \z=l 

dz 


S F„d [t \,..., t a , 


1 


P(ti) ■ ■ • P(t s ) 


M. 


We get for s > 2 : 

P{t i) • • • P(t s )L P (ti,. ..,t s ) 


u u '£p{ti)---c P (t a ) P(h) ■ ■ ■ P(t s ) ^ 

= b d {t i) • • • b d {t s ) -—-(1- - -)Zo^ i p(C/(ti,.. .,t a )). 


An interesting case is when s > 2, s = 1 (mod q d — 1). Let’s set : 

d~ 1 i i 

B P (h,...,t s ) = Y[r j (B(F qd ;——^-( p)) 


i =o 


ti — Cp ’ ’ ts — Cp ’ 

S F g d[ti,... ,t s , -J57J--- nU - ][^]- 


P(ti)---P(t s ) J 


We get in this case : 

Pp(t 1; • • ■ ; t s )Lp(ti, - • •, ts) 


■ jts) t P{t±) ■ • • P(t s ) ^ ITTU 4- 
-(i-^- )i°g(t>,p\U(t i,... ,t s )), 


7Tp 


P 


where : 


d-i 


£p(ti, ,t s ) = J] r J (C(F q p, T-^-r -;^ - Cp))- 


i =o 


ti — Cp ts — Cp 


7. The case of the place oo 

We are now applying the results in section 6 to get some new functional identities 
for L-series introduced in l24l. 
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7.1. The case s = 1. 

Let Aoo be the completion, for the Gauss valuation Voo, of Coo [t, j]- Let Boo C 
Coo [[t + 1]] be the set of power series with bouded coefficients. Then : 

Aoo C Boo- 

Set B^ = {x e Boo,Voo(x) > 0} = Oc^Wt +1]]. Let sgn = sgrioo ■ B ^ —>• F g [[f +1]] 
be the continuous morphism of F g [[t + l]]-algebras such that: 

Vx G Coo, Voo{x — sgn(x)) > 0. 

We set : 

= Ker sgn. 

Set .4^, = ^oo fl B ^ and .4™ = „4oo D B^ = {i€ Aoo,Voo{x) > 0}. Observe that : 


Recall that : 


Let’s set : 


A 0 oo =F q [t±]®A™. 




3> 0 


^oo(t) = ^ e (^~) X - 

We first introduce a new kind of L-series. We set : 

A4t> = E E 

k>l aeA +ik ,a( 0)^0 V e ' 

then by Theorem [T] we have : 

Coo (t) € -4^ . 

And in fact Coo(t) defines an entire function on Coo- Also recall that (see [21]) : 

c(t) = E E — e(-4°oo) x - 

zz —' a 

k >0 aG-A-i-jfc 

Let t : Boo —> Boo be the continuous morphism of F g [[t + l]]-algebras given by : 

Va; G Coo,t(x) = x q . 

Now, let (A : A -A- Aoo{t} be the morphism of F g -algebras given by : 


We set : 


Cl=tr + -. 

loga = 1 + E Tp — (i _ i A 3 e a oo{{t}}. 
y>i 1 lfc=i v e g^) 

We have in *4 oo{{t}} : 

log C tC f e = -log c i- 

Observe that logci converges on A™. Furthermore, if a € F g n,n > 1, then : 

Voo{Cg n (a) - t n a) > 1 . 

Therefore we set : 

log C £oo{u) = log C i(Cl n {a) - t n a ) G Aoo- 
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Thus, as in section 3, we obtain a continuous morpshism of F g [f, -j-]-modules : 

^°5Ct,oo ; "4^o —> Aoo- 


Observe that : 

Z °5Ct,oo( w oo(0) = 0. 

The reader can recognize that we are in the situation of section 6 for the local field 
Fg((|))- Therefore if we apply Theorem [5] (change 8 in \ in the formula), we get : 

Corollary 1. We have the following equality in F g [f, j]((^)) : 

L(-)log c i,co((t- = gXg ( dt _ 


7.2. The case s > 2. 

Let s > 2. Let A S}0 o be the completion for the Gauss oo-adic valuation of 
Coo[ti, ---As, We set : 


-4s,oo = {x G -4 s ,ooi I'oo (x) > 0}, 
-4s°oo = {x G -4 s ,oo,^oo(^) > 0}. 


Then : 


Let t . .4s,oo 
such that : 


-4s,oo = ¥ q[ti, ■■■As 


1 


>A 


00 


tl ■ ■ ■ t s 

—4s,oo be the continuous morphism of F 9 [fi,..., t s 


11 • • • t s 


-algebras 


Va; £ Coo,T(a;) = x q . 

Let (j> : A —> -4s,oo{ r } be the morphism of F g -algebras such that : 


4>9 — t\ - • ■ t s T + 


1 

O' 


Set : 

log</, = 1 + H „j ll (1 ^ r A e -4 s,oo{{t}}. 
j>l llfc=l(@ ) 

Then log$ induces a continuous morphism of F g [ti,..., t s , t f t ]-modules : 

log# ,oo : -4°,oo -4 s, oo • 

Let v(t i,..., t s ; z) € F 9 [ti,..., t s , z, 4] be the polynomial obtained by formally re¬ 
placing 8 by | in the Anderson-Stark unit ..., t s ; z) € F 9 [ti,..., t s , z, 9]. Now, 
we set : 

3 CJ ( — ) 

-P’ 00 (ti, - - -, t s ;») = — y-)v(ti, ■ ■ ■ As\z) e <00 W- 

3 = 1 

We further, set if s ^ 1 (mod q — 1) : 

Uoo (^1 , . . . , ts) — -^OO (^1 5 • • • 5 ts 5 %) | Z— 1 J 

and if 5 = 1 (mod q — 1) : 

Uoo(tl, • • • } - ~d^F'oo(t 1 , ... 5 t S) z) \z = l • 
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Now, we introduce a new kind of A-series. If s = 1 mod q — 1 : 

k>l a£A+ t k ,a(0)^0 

and if s ^ 1 (mod q — 1) : 


CL 

/ 1 \ 00 5 

aM 


•^oo (tl, ■ ■ ■ ,t s ) — ^ ^ ' 


a(ti) ■ ■ ■ a(i s ) ^ ^ 

/ 1 \ -Ai.c 

a (fl) 


fe>0 aGA^ t fc,a(0)/0 ^ ^ * 

Again, by Theorem 0 C-oo(t \, ..., A) defines an entire function on C^. The reader 
recognize that we are again in the situation of section 6 for the local field F g ((|)). 
Therefore we get : 

Corollary 2. We have the following equality in F 9 [fi,... ,t s , t ]((|)) : 

1 1 X s 0 s L(—) • • • L(— ) 

(*1 - fl)'' • (*« - a)— - tj ^- s -—(! -Oh--- t s )Zo^ i00 (C 00 (ti,... ,i s )) 

(7 (7 7T 

^1 ts^ooit 1? * * * 5 

Now let s > 2, s = 1 (mod q — 1). Set : 

-Boo(ti ,... ,t s ) = B{ F g ; S F g [—, 

tg C7 (7 

We get by section 6 : 

Corollary 3. We have the following equality in F ? [ti,... ,t s , . 1 1 ]((g)) : 

A e 0Z,(f ) 

--^(1 -Oh--- tsjlogt/, oo{Uoo(ti, - - -, h)) 

7r 

- Boo (t 1 , . . . , A)Aoc(A) • • • ; A ) * 


8. Application to class modules 

8.1. Background on the s-variable class module. 

Let s > 2 be an integer. Let A, ■ ■ ■ , A> z be s + 1 variables over Coo and let 
r : Coo[[ti,...,i s ,z]] Coo[[ti,...,t s ,z]] be the morphism of F g [[A,. .., t s , z]]- 

algebras such that : 

Vx e Coo, T (x) = x q . 

Let T s (A'oo) be the Tate algebra in the variables h ,..., t s with coefficients in Aqo, 
i.e. T s (A'oo) C Aoo[[ti, ■ • ■,A]] is the completion of A'oo[A, ..., A] for the oo-adic 
Gauss valuation. Let <f> : A —> T s (Aoo){t} be the morphism of F g -algebras given 
by : 

4>e = (h - 0) ■ ■ ■ (A - 6)t + 0. 

The exponential function associated to 0 is : 

exp, = E e T,(*»){{t}}. 

j>0 1 

It satisfies the functional equation in T s (AAo){{t}} : 

exp 0 0 = <f> d exp 0 . 

Furthermore exp^ converges on Tg(AToo)- We set : 

U s = {/ e T s (A'oo),exp 0 (/) e A[t s ]}, 
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H TsjKn) 

A[t s ] +exp 0 (T s (A' oo ))' 

It is proved in JfjJ, Corollary 5.2 and Corollary 5.5, that U s is a free y4[t s ]-module 
of rank one and H s is a finitely generated and torsion Al[£ s ]-module. Furthermore, 
if s = 1 (mod q — 1) (see jl], section 6): 

U a = , * , , A[t.]. 

w(ti) ■ ■ ■ w(t s ) UsJ 

Observe that in this case, any element of U s is an entire function in E S (A' 00 ) (see 
section 1). In fact, we have : 


Proposition 6. 


U s C E^Aoo). 


Proof. Recall that by [6], Theorem 5.11, L(t i,.. .,t s ) £ U a and -jjj-— u ‘ j is a 

finitely generated and torsion A[t s ]-module. Note also that, since L(ti,... ,t s ) £ 
T S (A 00 ) X , jjji — )A[t ] a f ree anc ^ finitely generated F g [£ s ]-module (see also [6], 
Remark 5.17). Therefore there exists F s £ A[t s ]\{0} which is monic as a polynomial 
in 9 such that : 


FittA[tj 


Us 

L(ti,...,t s )A[t s ] 


F s A\t s ], 


where Fitt^^ ]M denotes the Fitting ideal of an A[t s ]-module M. Since we have 
L{t \,..., t s ) £ E S (AT 00 ), the Proposition follows from Proposition [l] and Lemma 

m □ 


Let : 


We have : 


ex P 


E 


z j b j (t 1 )---b j (t s ) • 

Dj 


£T s (A 00 )[ 2 ]{{t}}. 


(4) exp 0> . 9 = (z{t i - 9) ■ ■ ■ (t s - 9)t + 9) exp^ z . 

By 0, Corollary 5.12 : 


ex P 0 , 2 ( L (fi, • ..,t a \z)) = u(t i,..., t a \ z), 


where we recall that: 




k >0 AeA +ifc 


and u(ti, ... ,t a \z) £ A[t\, ...,t s ,z\. If s ^ 1 (mod q — 1), we set : 

U s - 'W'(tl) • • • 1) £ 5 

and if s = 1 (mod g — 1) : 

u s = ^u(ti, ...,t s \z) | z= i£ A[t s ], 

Lemma 13. Set I? = F g (ti,..., £ s )[0], we extend (f> to a morphism of¥ q {ti ,..., t s )~ 
algebras <f> : R — > i?{r}. Then u s is not a torsion point for cj). 
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Proof. Assume the contrary and let’s suppose that there exists c £ A\{0} such that: 
( t> c {u s ) = 0. Let Ci, ■ • •, Cs £ IF? such that the evaluation of c at U = Q,i = 1,..., s, 
is well-defined and non-zero, and let d £ F g (Ci,... , Cs)[$] \ {0} be this evaluation. 
Set : 

a = N v g (Ci,-Xs)(e)/K{d) £ A \ {0}, 

where: ...x e )( 9 )/K '■ F g (Ci, ..., Cs)(0) —> K is the norm map. Let x be the 

Dirichlet character of conductor / associated to Ci, • • • ,Cs (see section 1). Let a = 
t®1 on A[A / ]® f ,F 9 (Ci, ... ,C»). Now, let C : F,(Cr, ..., ( s ){0] -»■ F,(Ci, ..., &)[*]{*} 
be the morphism of F g (Ci,..., Cs)-algebras such that : 

Cg = a + 9. 


Then : 

^a(i?(x)^s |ti=£i,i=l,...,s) = 0. 

We get (see section 4), if s ^ 1 (mod q — 1) : 

C a (u [x] (l)) = 0, 

and if s = 1 (mod q — 1) : 

Ca(u[l }) = 0 , 

which is a contradiction by the results in section 4. 


□ 


8.2. Pseudo-cyclicity. 

Now let s > 2, s = 1 (mod q — 1). We set : 



£. 

j> i 




Dj 


■bj{t s ) 

- T J 


£ T s (if 00 ){{r}}. 


Observe that exp^' converges on T s (A' oc ). Furthermore, if we take the derivative 
of formula 0 with respect to 2 and evaluate at z = 1, we get : 

exp^ 11 0 = {ti - 0) ■ ■ ■ (t s - 9 )t exp^ +(j)g exp^ . 

Proposition 7. The map induced by exp^ : 


exp^ : U s 


T^ffpo) 

ex P^(T s (A' 00 )) ’ 


is an injective morphism of A-modules. 

Proof. We have : 

exp^ 1} {L(t\,... : ts)) = u s (mod exp^T^A^))). 
Furthermore, if a £ A, we have : 

exp^ 1) (A(ti,... ,t s )a) = (t> a {u s ) (mod exp <#) (T s (A' 00 ))). 
Since s > 2, s = 1 (mod q — 1), we have by [5] , proof of Proposition 7.2 : 

A\t s \ D exp^(T s (A' 00 )) = {0}. 
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Therefore, for a £ A[i s ], we get that exp^(A(ti,..., t s )a) = 0 mod exp^,(T s (A" 00 )) 
if and only if 4> a (u s ) = 0. But , by Lemma fl3l we have that 4> a {u s ) = 0 if and only 
if a = 0. We deduce that the map induced by exp^ : 


L(ti ,..., t s )A[t s ] —> 


Woo) 


ex P<>( T s(Aoo)) ’ 

is an injective morphism of A-modules. Since there exists F s £ A\t s ] which is monic 
as a polynomial in 9 such that: 

U s = ^-L{t 1 ,...,t s )A\t s \, 

" S 

and since : 

exp^TriOi, ■ • •, t s \z)) | z =i= 0, 

■F s 

we deduce easily the assertion of the Proposition. □ 


Lemma 14. 

We have: 


-(mod exp^(T s (A'oo))). 

9 ^=r 


Proof. 

By i, proof of Proposition 7.2, we have: 

exp^T^AToo)) = {x £ T, (#„,),««, (a) > y}. 

Now observe that : 


For i > 2 : 


/ 7T ( — 1) I- 1 . S — q 

v °o ( , ,-77 7 d ——) > - 7- 

CO(t 1 )---UJ{t s ) q- 1 


Mt i)-'-b t (t s y( u]{) f ) ) s — q 

Wo(- 77 -—-—-) > 


A q- 1 

Furthermore, recall that r(w(tj)) = (ti — 9)co(ti). Finally, observe that : 

7 r q (—l )® 31 


,( 


)> 


S-q 


(9* - 9)w(ti) ■ ■ ■ w(t s ) q^=t q- 1 


□ 


Lemma 15. Let a £ ^4[t s ] \{0}, a monic as a polynomial in 9. If V - q — ) £ 

A[t s \ +exp 0 (T s (AT oo )) then deg e {a ) > ^5f. 

Proof. Observe that if 1 < i < |5?) we have : 

I t * =0 ’ i=1 >---> s= ^-i ( m od q£—2 A)' 

Write a = 6> r + E!=o a i e F <?[L]- Set b = a |t J= o,j=i, -s . Let ip : A ->• A{r} 
be the Drinfeld module of rank one given by ipg = (—1 ) s 9 s t + 9. Observe that: 

expv,(AT 00 ) = {a: £ K 00 ,v 00 (x) >--}. 

q -i 
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Since <j> a (—r=q) G + expRT s (Aoo)), we have : 

6 g- 1 

•4>b(-rr) e A + exp v ,(A' 00 ). 

9 ~r 

Therefore, we get by induction on i : 

Vi £ {0, . . . , T 1}, Ui ,s — 0. 


Thus : 

|ij=0j=i,-, s e A + exp^Koa). 

0i-i 

This implies that r > ■ 

We can answer to 0, question 9.9, when s = 1 (mod q— 1) : 


□ 


Theorem 6. 

Let s > 2, s = 1 (mod q— 1), then H s j F g (t s ) is a cyclic R = ¥ q {t s )[9]-module. 


Proof. Let K. be the completion of F q (t s )(9) for the oo-adic Gauss valuation Voo on 
F q (t s )(9). Let r : K. —> K, be the continuous morphism of F g (t s )-algebras given by 
r(0) = 9 q . Recall that (j) : R —> R{t} is the morphism of F g (t s )-algebras such that 
= (ti — 6) ■ ■ ■ ( t s — 9)t + 9. If S C /C, we denote by F q {t s )S the F 9 (t s )-vector 
space generated by S. Since F g (t s )T s (A"oo) is dense in /C, we have ([B|, Proposition 
5.4): 

{x € 1C, exp ^(x) £ R} = F q (t s )U s , 

and the map H s —> R+c ^ (which is injective) induces an isomorphism of R- 
modules (0, section 5.4.1): 


Hs F<jr(t s ) 


/C 

R + exp^(/C)' 


Recall that H s is a free F g [f s ]-module of rank ([Bj, Proposition 7.2 ). Let 
F s £ A[i s ] be the monic polynomial in 9 of degree such that : 

Fitt A [t e ]H s = A s ^4[t s ]. 

By the class number formula ( 0 , Theorem 5.11): 

U s = 4-A(ti,--- ,t s )A\t s \. 

F S 

Note that: 

exp 0 (/C) = {x £ IC,v oo(a;) > -j^}. 

Observe that exp 0 (/C)fiF 9 (t s )T s (A' oo ) = exp <?i (F 9 (t s )T s (A" 00 )), thus, by Proposition 
[3 the map exp^ induces an injective morphism of A-modules: 

m - ^ucr 

Set: 

V = {x£ F q (t s )U s ,exp^\x) £ R + exp^JC)}. 


Then : 


L{t i,--- ,t s )R C V. 
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Observe that V is a free module of rank one and that the monic generator G £ R 
of the Fitting ideal Fitt ^ 9 ^^ 3 divides F s . Thus G £ A[t s ). This implies that: 

exp * 1, b(t,) G l(t,) )efi+exp< ’ (,::) - 

But expe T .(A»), and 

(R + exp 0 (/C)) 0 T s (A"oo) = A[t s ) + exp 0 (T s (/i oo )). 

Thus, by Lemma fldl 

s — q 

l-, ) e A[t s ] + ex P 0(T s (AT oo )). 

0~ 


Therefore by Lemma H5l we get that deggG > and since G divides F s , we get 
G = F s , i.e.: 


V = L(ti,- ■ ■ ,t s )R. 


This implies that exp^ 


(i) 


induces an injective morphism of i?-modules: 


ViiDUs . ic 
L(ti, ■ ■ ■ , t s )R R + exp^,(/C) ’ 


But the two F 9 (t s )-vector spaces above have the same dimension, therefore the 
above map is an isomorphism of A-modules and in particular ^ is a cyclic 

A-module. □ 


Corollary 4. The function exp^ induces an injective morphism of A-modules : 

U s u 

L(ti ,..., t s )A[t s \ s ’ 

and its cokernel is a finitely generated and torsion F q [t s \-modules. 

Proof. Let / £ T s (A'oo) such that / £ i?+exp^(/C). Then there exists a £ A[f s ]\{0} 
such that : 

af e A[t s \ +exp 0 (/C). 

But since exp^(/C) 0 T^AAo)) = exp^(T s (AT 00 ), we get: 

a f e A[t s ] + exp ?i (T s (Ar oo )). 

Since s = 1 (mod q — 1), H s is a free F ? [t s ]-module ([§j, Proposition 7.2), we get: 

/ e A[t s ] + exp^(T s (A' 00 )). 

Therefore we have an injective morphism of A-modules induced by the inclusion 
Ts(A'oo) C K. : 


Hs -A 


K 


R + exp^JC)’ 

Furthermore the inclusion U s C ¥ q (t s )U s induces an injective morphism of A- 
modules : 

_ Us _^ ^q(ts)Us 

L(ti,...,ts)A[t s ] L(ti,...,ts)R~ 

The Corollary is a consequence of the proof of Theorem [HI □ 













A SPIEGELUNGSSATZ FOR FUNCTION FIELD L-SERIES 


39 


8.3. The case of Taelman’s class modules. 

Let % be a Dirichlet character of conductor / and type s > 2. Recall that there 
exists Ci(x)i ■ • ■, Cs(x) G F g such that : 

0 "(s(x)) = (Ci(x) - 0) ■ ■ • (C s (x ) - %(x), 


where a = r O 1 on A[A/] Of, F 9 (£i(x), . .., ( s (x))- A property is said to be true for 
almost all Dirichlet characters x of type s if there exists F(t i,. .., t s ) £ A[t s ] \ {0} 
such that the property is true for every character x such that -F(Ci(x)> • ■ •, Cs(x)) 7^ 
0 (see j6j, section 9). 

Let x be a Dirichlet character of type s > 2 and conductor /. Set : 

Bx = rk ~T 55 x(M)M^eF,(Ci(x),...,C»(x))[A/]. 


The x-isotypic component of Taelman’s class module associated to the Carlitz mod¬ 
ule and the field K(Xf) is defined by (see also [Bj, section 9): 


tt _ f K(Xf)0 K K oo 

x ~ 6x[ A[X f } + ex Pc (/v (A/) Ok Kco) 


F g (Ci(x), ■ ■ ■ ,C(x)))- 


Observe that H x is a finitely generated and torsion d[0 (x),..., Cs(x)]~module. 


Theorem 7. 

Let s be an integer, s > 2, s = 1 (mod q — 1 ). Then for almost all Dirichlet 
characters x of type s, H x is a cyclic d[(i(x),..., (^ s (x)]-module an d generated as 
a A[Ci(x), • • • , (s{x)]~ m odule by : 

g(x) 

s — q ’ 

Proof. Let M be the sub- A -module of H s generated by }_ a . Then by Corollary 

e?-i 

ED and Lemma []“D the Al[f s ]-module is a finitely generated and torsion F g [fJ- 
module. Let F(t\, ..., t s ) £ A[t s ] \ {0} such that F(ti, ..., t s )- jf- = {0}. Now, let x 
be a Dirichlet character of type s and conductor / such that F( Ci(x)> ■ • • > Cs(x)) 7^ 
0. Let ev x : T^A^) -> ^cx>(Ci(x)) • • •»C*(x)),/(*i, • • • > **) /(Ci(x)» • • •»C*(x))- 

By i, Lemma 9.1 and Proposition 9.2, ev x induces a surjective morphism of A- 
modules: 

^ : Pd s —y P^x ■ 

This morphism is induced by the map: 


T^AToo) g(x)Koo(Ci(x), ■ • ■ ,Cs{x)) 

f g{x)ev x {f), 

where by m, section 9, e x ((K(X f ) Of, Koo) Of, F,(Ci(x), • • • ,C «(x))) is identified 
with g(x)K oo(Ci(x)> • • • > Cs(x))- But, by the choice of x> 0 induces a surjective 
morphism of A-modules : 

M H x . 


The Theorem follows. 


□ 
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8.4. Pseudo-nullity. 

Let s > 2 and set : 

M s = {4> a (u s ),a G A[t s ]}, 

VM~ S = A[t s }, 3a G A[t s ] \ {0}, </> a (b) G M s }. 

Proposition 8. 

Let s > 2, s ^ 1 (mod q — 1). TTien \/M s = exp ^(Us). Furtermore H s is a torsion 
F q [t s ]-module if and only if \JM s = Ms- 

Proof. Recall that, since s ^ 1 (mod q— 1), exp^ : T s (A'oo) —> T s (/f oc ) is injective 
(see P|, Remark 6.3). Since M s C exp < ^(T s (A" 00 )), we get \/M s C exp^ > (T s (A' 00 )), 
and therefore \fM s = expThus, exp^ induces an isomorphism of A-modules: 

U s _ VMI 

L(t 1 ,...,t s )A[t s ] ~ M s 

The Proposition is then a consequence of pj, Remark 9.13. □ 


A natural question is wether or not H s is a torsion F, [t J-module when s ^ 1 
(mod q — 1) (see p], Question 9.10). First, we observe the following : 

Proposition 9. Let s > 2, s = 1 (mod q — 1). We have: 

\[M~ s = Ms- 


Proof. We keep the notation used in the proof of Theorem [6] For simplicity set 
M = exp^(/C) = {x G K.,voo(x) > = expand set E = jj viewed as an 

A-module via <j>. Set U s = F q {t s )U s = {x £ /C,exp^(x) G R}. Then exp^ induces 
an injective morphism of A-modules : U s —> E. Recall that we have the following 
equality in E : 

■ ■ -As)) = u s - 

Also note that: 


K.=Us® AT. 


Let x G /C and let c G R\¥ q (t s ) such that (j) c {x) = 0 in E. Then there exists y G /C 
such that (fdx) = exp ^(y). But this implies that (see pj, proof of Corollary 6.5) : 


y 1 

x G exp 0 (-) + exp 0 (-W g ). 

We get x = 0 in E. Therefore, for c G R\ {0}, <f> c : E —> E is an injective morphism 
of A-modules. 

Now let b G \/M s \ {0}, then there exists a, c G A[t s ] \ {0}, such that: 


4>a{b) = <t> c {u s ). 


By the above discussion, we get in E : 

b = exp^ ; (---)■ 

Write c = da + r with d, r G A[t s ] and deg e (r) < deg e (a), and observe that : 

=dL ( ti ^^ ts } + rL (ti, - - - ,t s ) & 1 £ = u s< £N 
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Thus, since exp C A f, by the proof of Theorem [6] 

r L {t u .^..,t s ) g L{t 1 ,...,t a )R®N. 

Since deg e (r) < deg e (a), r - L do-"’*^ g thus, using exp^(AA) C A f, we get in E : 
b = exp^\dL(ti,.. .,t s )) = <j) d (u s ) 

Since b,u s £ A[t s ], this implies the equality in 1C : b = <t>d{u s ), i.e. b £ A4 S . □ 


Theorem 8. Let s > 2, then: 

s/Ml = Ms- 

Proof. We will use a similar argument as that used in the proof of Lemma 1151 We 
can assume that s ^ 1 (mod q — 1) and let r £ { 2 ,... ,<7 — 1} such that s = r 
(mod q — 1). We assume s > r, the case s = r being obvious. Set : 

N = {x £ T s (A' 00 ),r; 00 (a;) > 

Then, since we have : 

' q —1 q— 1 ‘ 

N = exp 0 (AO c exp 0 (T s (/i oo )). 

Observe that: 

T s (Aoo) = A[t s ] © N. 

0—- 1 

Set : 

p _ T a (Aoo) 

~ A[t s ] + N- 

Observe that if is a free and finitely generated F g [f s ]-module of rank ~ 1- By 
Proposition[8j in order to prove the Theorem, it is enough to prove that there exists 
A £ T s (A co ), v 00 (X) = 0, such that if we write in E : 


k £{!,..., - 1}, exp 0 (6> fc A) 


q~ 1 

3= 1 


then det((/3j t k(X))j,k) £ F g [fJ \ {0}. 

Let ip : A —> T s (A <x) ){r} be the morphism of F g -algebras given by : 

ipe = (h - 0) ■ ■ ■ (t r - 6 )t + 9. 

Let exp^, = 1 + Ylj>i bj(ll " l D ' bj(lr ' 1 t?. Recall that (Lemma [5): 

exp^(L(ti,...,tr-)) = 1. 


Set: 

Observe that Vooiv) 


1 

uj(t r+ 1 ) • • • U}(t s ) 


£T s (K 00 ) x . 


fEf. We have : 

Vx £ T s (A' oo ),exp 0 (77x) = rjexp^(x). 


Thus, for k > 0 : 


exp 0 (0 fc L(ti,..., t r )rj) = ryipgk (1). 
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Now, observe that : 

exp 0 (0 fc L(tr,.. .,t r ) V ) | tl=0 ,..., t ,=oG (-0)^6 k + {-e) k+1 ~^A. 

_ s—r 

Now, if we set A = 9 L(ti ,..., t r )r], A g T s (A'oo), v 00 (X) = 0, and (see the proof 
of Lemma [TSl) : 

det((/3 J;fe (A))j, fe ) | tl =o,...,t,=o^ 0. 

□ 

We deduce from the above Theorem by a similar argument as that of the proof of 
Theorem [3 

Corollary 5. 

Let s be an integer, s > 2, s ^ 1 (mod q — 1). Then for almost all Dirichlet 
characters \ of type s , H x = {0}. 
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